INTEGRAL OPERATORS, EMBEDDING THEOREMS AND A 
LITTLEWOOD-PALEY FORMULA ON WEIGHTED FOCK 
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Oh: 

.^^ , Abstract. We obtain a complete characterization of the entire functions g 

such that the integral operator {Tgf)[z) — f^ /(^) g'{(^) dC is bounded or com- 
pact, on a large class of Fock spaces Tp, induced by smooth radial weights 
that decay faster than the classical Gaussian one. In some respects, these 
spaces turn out to be significantly different than the classical Fock spaces. 

■^C • Descriptions of Schatten class integral operators are also provided. 

pL ' En route, we prove a Littlewood-Paley formula for || ■ \\ 4, and we charac- 

r^ ' terize the positive Borel measures for which Tp C //'(/i), < p,q < cxd. 

In addition, we also address the question of describing the subspaces of Tp 
that are invariant under the classical Volterra integral operator. 



1. Introduction 



00 



a 



^^ ! Let C be the complex plane and denote by H{C) the space of entire functions 



O ' Fock spaces 






Given (p : [0, 00) — )• M"*" a twice continuously differentiable function and < p < 
00, we extend to C setting (/)(z) = (/'(|z|), z £ C We consider the weighted 



T^ = |/ G H{C) : 11/11^, = j^\f{z)Y'e-^t>^^Um{z) 



and 



^\ Ft = ^feH{C): ||/||_^^=sup|/(.)|e-^(^)}, 

where dm denotes the Lebesgue measure in C 

As usual we write J-p for the classical Fock spaces induced by the standard 

U|2 

function (/)(z) = -^. Moreover, for two real- valued functions Ei,E2 we write 
El X £'21 or El < E2, if there exists a positive constant k independent of the 
argument such that ^Ei < E2 < kEi, respectively Ei < kE2. 
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We will deal with the integral operator 

Jo 
on weighted Fock spaces Jp . This problem has been considered in [12] for the 
classical Fock spaces proving that Tg is bounded only for polynomials of degree 
< 2. We expect that for a stronger decay of the weight e"*^ we shall find a wider 
class of symbols g such that Tg is bounded on J-J . 

With this aim, we first obtain a Littlewood-Paley type formula for Jp for 
a broad class of weights whose growth ranges from logarithmic (e.g. (p{z) = 

\z I 

alog|z|, ap > 2) to highly exponential (e.g. (j){z) = e*^ ). Under some mild 
assumptions on (p (see Theorem 19 below), we prove that 

(1.1) / \f{z)\Pe-P^^^^ dm{z) X \f{0)\P + [ \f'{z)\P (Vp,<^(^))^ e'^'^^^^ dm{z), 
Jc Jc 

for any entire function /, where the distortion function ipp^^ satisfies 

(1-2) ^p,<^(^) >< -773 fo^ 1^1 ^ ''0' 

for some tq > 0. The above formula in the particular case of the classical Fock 
space was proven in [12] using the explicit form of the reproducing kernel of 
7-2 . The lack of precise information on the reproducing kernels for more general 
weights constrains us to employ a different method based on estimates for integral 
means of entire functions and their derivatives. 

We then restrict our class of weights to rapidly increasing functions (p. More 
precisely, we consider twice continuously differentiable functions (p : [0, 00) — t- M+ 
such that A(p > and 

(1.3) (A0(^))-^/2 X r{z), 

where t{z) is a radial positive differentiable function that decreases to zero as 
|z| — 7- 00 and limj.^00 T'{r) = 0. Furthermore, we suppose that either there exists 
a constant C > such that T{r)r^ increases for large r or 

lim T {r) log — -— = 0. 

This class of rapidly increasing functions (p will be denoted by X. The class X 
includes the power functions (p{r) = r" with q > 2 and exponential type functions 
such as (p{r) = e^^ , /3 > or (p{r) = e^'^. 

It turns out (see Theorem 19 below) that for (p £ X, the Littlewood-Paley 
formula (1.1) can be written in the form 

\\f\\%^\f{W+ / \nzW-———dm{z). 

We then aim for a characterization of the Carleson measures for our Fock spaces 
which will subsequently be used to investigate the behavior of Tg. This problem 
was studied in [10, 11] for the classical Fock space. The Hilbert space case p = 2 
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was considered by Seip and Youssfi [24] in several variables for a wide class of 
radial weights. However our class of functions X does not completely overlap with 
theirs, as shown by the examples <j){z) = |z|™ with 2 < m < 4. Let D{a,r) be 
the Euclidean disc centered at a with radius r > 0, and for simplicity, we shall 
write D{6T{a)) for the disc D{a,6T{a)) with 5 > . 

Theorem 1. Let (/) £ I and let fi be a finite positive Borel measure on C. 
(/) LetO <p < q < oo. 

(a) The embedding Id : J-p — )■ L'^i^J') is bounded if and only if for some 
5 > we have 

(1.4) K,,^ := sup — ^ f e'?^(^) d^(z) < oo. 

aeC T{ayi/P JDiSria)) 

Moreover, if any of the two equivalent conditions holds, then 

(6) The embedding I^ : J-p — )■ -^"^(/u) is compact if and only if for some 
5 > we have 

(1.5) lim — i— f e«<^(^)dM^) = 0. 

lal^oo Tiay/P Jf)(^ST(a)) 

{II) Let < q < p < oo. The following conditions are equivalent: 

(a) Id : J^p — ;■ L'^{p.) is compact; 

(b) Id : J^p — ;■ L'i{fi) is bounded; 

(c) For some 6 > 0, the function 

r{zy Jd{5t{z)) 

V 

belongs to Lp-i {C,dm). 

This theorem has an interesting consequence. Recall that, for the classical Fock 
spaces Tp, the following embeddings hold (see [29, 26]) 

J^p '-Z J^q for < p < g < oo. 

For the particular choice dfj,{z) = e^'^''^^^'dm{z), Theorem 1 shows under which 
conditions the Fock space Fp is contained in Fq for p ^ q, where p,q > 0. This 
never happens for rapidly increasing functions </> G X, as illustrated by the next 
corollary. 

Corollary 2. If 4> £ T,, the family of Fock spaces {Xp}p>o is not nested. In fact, 
F^ \ Jg^ / and Ft \ J^p / for all p,q>0 with p ^ q. 

This result shows a significant difference between the weighted Fock spaces Fp 
with (/> G X, and the classical Fock spaces Fp, which leads to additional technical 
difficulties in the study of Fp. 
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We then apply our Carleson embedding theorem together with the Littlewood- 
Paley formula to the study of the integral operator 

Uf){z)= r f{0g'{0dC. 
Jo 

The boundedness and compactness, as well as some spectral properties (such as 
Schatten class membership) of Tg acting on various spaces of analytic functions 
of the unit disc B in C have been extensively investigated (see e.g. [3, 6] for 
Hardy spaces, [5, 19, 23] for weighted Bergman spaces, or the survey [2] and 
the references therein). In particular, it is interesting to notice the relationship 
between the resolvent of Tg on Hardy and classical Bergman spaces and the theory 
of Muckenhoupt and Bekolle-Bonami weights [7] . 

Theorem 3. Assume g is an entire function, and G X. 

(/) For < p < q < oo we have 

(a) Tg : J^p — )• J^q is bounded if and only if 

., ^. \g'iz)\{A<Piz))'^ 

(1.6) sup ; -— < OO. 

.ec l + (f>'{z) 

{b) Tg : Fp —7- J-q is compact if and only if 

Inn kM(W^^„ 

|2|^00 l+(t)'{z) 

{II) Let < q < p < oo. The following conditions are equivalent: 

(a) Tg : J^p — )■ J^q is compact; 

(b) Tg : J^p — )■ J^q is bounded; 

(c) The function .^^f/ s G L^{C, dm), where r = -^. 

Theorem 3 shows a much richer structure of Tg when acting on Jp compared 
to the case of the classical Fock spaces, where this operator is bounded only 
for polynomial symbols of degree < 2 (see [12]). On the other hand. Theorem 
1 and some other results [9, 19] show some analogies between Bergman spaces 
with rapidly decreasing weights A^ and J-p, <^ G X. Indeed, the family of test 
functions considered to study the boundedness of Tg on these spaces is basically 
the one introduced in [9] to characterize sampling and interpolation sequences 
(such problems for Fock spaces with nonradial weights e~'^ where A(j) is a doubling 
measure were considered in [16]). 

However, there are some fundamental differences as well: the weighted Bergman 
spaces are nested and only constant symbols induce bounded operators Tg : A^ — t- 
A'^ when < p < q < oo (see [19]), while Theorem 3 illustrates a rich structure 
of Tg : J^p — )■ Fq for < p < g < oo (see Section 7 for a further analysis of 
Theorem 3). 
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Under a mild additional assumption on cp, we also provide a complete descrip- 
tion of those entire symbols g for which the integral operator Tg belongs to the 
Schatten p-class ^^(J^f )• 

Theorem 4. Let g he an entire function and assume (j) £ I satisfies 

-T"{r)T{r) 

(1.7) sup 2 < °°' 

r>ro {T{r)4>'{r)) 

for some rg > 0, where r is as in (1.3). 

(a) If 1 < p < CO then Tg G Sp{J-2) if and only if jj-n G LP{C, Ac/) dm). 

(b) If < p < 1 then Tg G Sp{J-2) if and only if g is constant. 

It is worth to comment that (1.7) is a technical and non-restrictive condition, 
because for natural examples from the class I, the corresponding function r is 
convex. In addition, it is only used to prove the sufficiency for p > 1. 

In Section 8 we investigate the invariant subspaces of the Volterra operator 
V -.Ffj ^ F^, given by, 

Vf{z)= r fiOdC. 
Jo 

Notice that V = Tg for g{z) = z. For the weights (f){z) = 1^1™", m > 2 we obtain a 
complete characterization of the invariant subspaces of V showing that they are 
precisely the spaces 



A^ = Spanjz^ : k > N}" " , N > 0. 

This illustrates the applicability of an abstract result stated below in Theorem 29 
whose proof presents an interesting feature: the characterization of the invariant 
subspaces of V in the case p ^ 2 can be reduced to the case p = 2 via Theorem 3. 
The corresponding results for the classical Fock space can be found in [12]. The 
fact that the weighted Fock spaces Jp , G X, are not nested requires a more 
involved approach in comparison to the classical case. 

We recall that a complete description of the invariant subspaces of V, when 
acting on various classical spaces of analytic functions on the unit disc (Hardy 
spaces, standard Bergman spaces, Dirichlet spaces) was obtained in [4]. Further- 
more, the real variable analogue has a long tradition that goes back to Gelfand 
and Agmon [1, 14]. 

The paper is organized as follows. In Section 2 we present some preliminary 
results including the existence of a covering of C in terms of discs D{6t{z)). We 
deal with the Littlewood-Paley formula (1.1) and some useful results concerning 
the behavior of the function (p in Section 3. We prove Theorem 1 in Section 4, 
Theorem 3 in Section 5 and Theorem 4 in Section 6. Moreover, we provide some 
examples of functions in the class X in Section 7. 

Finally, in Section 9 we point out that our approach on the Fock space also 
brings some improvements of the results in [19] on Bergman spaces with rapidly 
decreasing weights. We first deduce a natural asymptotic estimate analogous 



6 OLIVIA CONSTANTIN AND JOSE ANGEL PELAEZ 

to (1.2) for the corresponding distortion function on the Bergman space. This 
observation leads us further to eliminate a hypothesis in Theorem 2 from [19], 
where a characterization of the boundedness and compactness of Tg is provided. 
By doing this we extend this characterization to a wider class of weights. In 
particular, we allow for a considerably faster decay, including for example weights 

of the form 

1 

uj{z) = exp(— e*^ ). 

2. Preliminaries 

2.1. Some technical tools. In this section we present some facts, which are 
needed to prove the main results, but which may also be of independent interest. 
Let r be a positive function on C. We say that r G £ if there exist a constant 
ci > such that 

(2.1) \r(z)-T{C)\<ci\z-C\, for z,CgC. 
Throughout this paper, we will always use the notation 

min (1, c^ ) 

mr = , 

where ci is the constant in (2.1). 

Lemma 5. Suppose that t £ C, < 6 < rrij- and a € C. Then, 

-r(a) < t(z) < 2T(a) if z G D{a,6T{a)). 

Proof. Note that, by condition (2.1) we have 

T{a) < t{z) + ci\z — a\ < t{z) + - T{a) if |z — a| < Sr^a). 

Therefore T{a) < 2t{z) if |z — a| < 6T{a). Similarly it can be proved that 
r(z)<2r(a). D 

We shall now sketch the proof of a covering lemma that is obtained by adapting 
an approach used by Oleinik [18] for bounded domains to our setting. 

Lemma 6. Assume t : C — )■ (0, cx)) is a continuous function such that 

(2.2) |i(^)_t(^)|<l|^_^|, ^,CgC. 

and limu|_^o^ t(z) = 0. Then there exists a sequence of points {zj} € C such that 
the following conditions are satisfied: 

(i) Zj D{zk, t{zk)) for j / k; 

(ii) [JD{zj,t{zj)) = C; 

i>i 
[Hi) D{zj,t{zj)) C D{zj,3t{zj)), where D{zj,t{zj)) = M D{z,t{z)); 

zt^D{zj,t(zj)) 

(iv) {D{zj,3t{zj))}j>i is a covering of C of finite multiplicity. 
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Proof. We construct a sequence {zi}j>i inductively as follows: pick zi £ C such 
that t{zi) = maxt(z). Provided zi, Z2, •••, ^j-i are chosen, we let Zi be one of 

those the points in Cj :=C\( [Jk<i^(^k,t{zk))] such that t(zi) = maxt(z). This 

way, we obtain a sequence that satisfies condition (i). Conditions (iii), (iv) are 
of local nature and therefore the proofs of (3) — (4) from "Lemma of coverings" 
in [18, p. 233] translate verbatim. 

It remains to prove (zi). We claim that |z„| — )■ oo as n — )■ oo. Indeed, if this 
did not hold, {zn}n>i would possess a convergent subsequence {zni.}k>i- The 
construction of {zn}n>i would then imply 

\Znk - Zni\ > tiZnJ > m > 0, k^l, 

since, by continuity, the positive function t has a positive minimum on compacts. 
This contradicts the convergence of {znf,}k>i and the claim is proven. Conse- 
quently, we have t{zn) — ;■ as n — )■ oo. Now choose an arbitrary point y £ C 
Since t{y) > there exists rig > 1 with t{y) > t(z„(,), which implies 



2/G U D{zi,t{zi)), 



i<no 

and hence (ii) holds. D 

The next result can be obtained following the proof of [19, Lemma 2.2]. 

Lemma 7. Letcj) be a subharmonic function and letr £ C such thatT{z)'^ ^(piz) < 
C2 for some constant C2 > 0. If f3 gM, there exists a constant M > 1 such that 



\f{a)\P e-^^(") < ^^^-^ I |/(z)|Pe-^'^(^) dm(z), 

lD{5r{a)) 



5'^T{a^^ 



for alio < 5 <mr and f G H{C). 

We note that if a function (p belongs to the class I, then its associated function 
t{z) belongs to the class C Thus Lemma 7 proves that for functions (p in the 
class X, the point evaluations La are bounded linear functionals on J-J . Therefore, 
there are reproducing kernels Ka € J-f with ||La|| = ||-f^a|l7r<^ and such that 

■'2 

Laf = {f,Ka) = I f{z)Kjz)e-^'t'^^^ dm{z), f G T^ ■ 

Jc 

Another consequence is that norm convergence implies uniform convergence on 
compact subsets of C. It follows also the space J-p is complete. 



2.2. Test Functions. As a key tool for the study of the boundedness and com- 
pactness we use an appropriate family of test functions constructed in [9, Propo- 
sition 8.2]. The ideas are borrowed from [19]. 
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Proposition A. Let (p £ I and R > 100. There exists r]{R) such that for every 
a G C with \a\ > rj{R), there exists an entire function Fa^R such that 



(2.3) 



Fa,R{u})\e 



'H^) 



i^-ar 



e *^^^ X 1, cj G D{a,RT{a)), 



(2.4) |F,,H(a;)|e-<^(") < C(<^,i?) min { 



1, 



min{r(a),r(a;)} 



\uj — a\ 



w G C. 



rom 



Corollary 8. Let (f> eZ, < p < oo and R > maxjlOO, -^}, and r]{R) that fi 
Proposition A. Then 

(i) for < p < oo the function Fa^R in Proposition A belongs to J-p with 
||i^a,i?||%>ir(a)2, r?(i?) < |a| < 1. 

[a] the reproducing kernel Ka of T2 satisfies the estimate 
\\Ka\\l, e-2<^(«) X T{ar^ 7]{R) < \a\ < 1. 

Proof Let a G C with r]{R) < \a\ < 1, and consider the functions Fa^R- Write 

Rk{a) = lueC: 2^-^RT{a) <\ijj-a\< 2^i?r(a)| , A; = 1, 2 ... . 
Note that (2.3) gives 

\Fa,R{io)\^e-^^^^Um{u:)^T{a)\ 



/j(w)|Pe-P'^(^)dm(w) 



dni{uj) 

-Kfelajkj _ a 2 



\w—a\<RT{a) 

and, by (2.4) and the fact that R > -,= 



/ \Fa,R{io)\P e-^'t'^^Um{u:) <Y. 1^- 



< r{a)^E 



fe=i 

1 o "'^ 



< j;2-^'=m(i?.(a)) 



A:=l 



r(a)^. 
Therefore Fa,/? G Jp with ||Fa^/^||^ ^ >: T{a)'^^ which gives 



U . 



The use of Lemma 7 (with /3 = 2) gives the upper estimate of (ii), 



\K, 






-20(a) < ^(^)-2^ 
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On the other hand, the functions -Fa,_R obtained from the previous Proposition 
satisfy (by (i)) that Fa^R G -72 with ||-Fa,R||^0 ^ ''"(o)^) ^^d by (2.3) this gives 

\2\-l II 77 _l|2 



I ■p<P 



|i"a,R(a)pxe2'^('^)xe2'^('^) (riaf 



\F, 



a,R\ 






Since lli^allx-^ = ||-^a||, where La is the point evaluation functional at the point 
a, this proves the lower estimate of [ii). D 

Proposition 9. Let(f)£l,0<p<oo and R > max 1 100, -^, 2^1. // ry(i?) 
is the number given in Proposition A and {z^} C C is the sequence from Lemma 
6, the function 

Fz.Mz) 



Hz) 



E 



ak 



Zk-\zk\>v{R) 



r(^fc)2/P 



belongs to J^p for every sequence {a^} G £^. Moreover, 

iiFiu<(Ei-r)'". 



Proof 

In what follows, we shall write 



F(z) 



E 

Zk-\zk\>v{R) 



'r[z,Y/v-Z^''^r[zu?/v'' 



fl2 



and for simplicity we shall denote 7 = 7(-R) = ^■ 

If < p < 1, then bearing in mind Corollary 8, we have that 

p 



IFF 



C 



J^flfe 



Fz,A^) 



-{zuY/p 



-pif){z) 



dm{z) 



< 



< 



E 



\ak\ 



r{zk) 



F 



^k,R\\ T-'* 



C^lofcl 



If p > 1, an application of Holder's inequality yields 



P(7-P+1) 



p-1 



(2.5) |F(.)r < j;4^|F.,,M^)i^-^ E^(^'^)'i^^-^(^)i"^" 



Now, we claim that 
(2.6) Y.<z,f |F,„^(z)r/^ < T(z)2e"^ . 



P0(z) 



In order to prove (2.6), fix 6q G (0,mr) and observe that t(z) = 5ot{z) satisfies 
the hypotheses of Lemma 6. Using the estimate (2.3), Lemma 5 and (iv) of 
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Lemma 6, we deduce that 

(2-7) P^M , ,2 / . ^2 ^^^^ 

^ e 7 2^ r(zfc) < t{z) e -< 

{zkeD(z,5oT{z))} 

On the other hand, an apphcation of (2.4) gives 



r{zkf 



Zk<^D{z,5oi 


r{zkf 


\Fz, 


M^W 


oh 












<7 


-{zf^e 


p4,(z) 

~f 


{zui 


>: 

D{z,&o', 






-im 










p4,(z) 


oo 


\ ^ 





\z-Zk\^P 



j=0 z^dRjiz) ' '" 

where 

Rj{z) = {C G C : 2^'<5ot(z) < |C - ^I < 2^^^5^t{z)] , j = 0, 1,2. . . 
By (2.1), we deduce that, for j = 0, 1, 2, . . . , 

D{zk, 5oT{zk)) C D{z, h5o2^T{z)) if z^ G D(z, 2^'+i<5ot(z)). 
This fact together with the finite multiphcity of the covering (see Lemma 6) gives 

Y, T{z,f < m(D{z,h5,2^T{z))) <2'^T{zf. 

Zk€Rj{z) 

Therefore 

s^-^E'^-*' E -fe-)^ 

j=0 z^eRjiz) 

< r(z)2e^f; 2(2-2^)^- 

j=0 

< t(z) e T , 



r^ 



which together with (2.7), proves (2.6). 
Now, joining (2.5) and (2.6), we obtain 



INTEGRAL OPERATORS ON WEIGHTED FOCK SPACES 11 

So, it is enough to show that 

(2.8) / |F.„«(.)|"'"^r(.)2^-^e-^^(^)"^ dm{z) < T{z,f^ 



2fe, 

c 



to obtain the desired estimate 

\\F\f <"S^lr7JP 



k 



■ ^'^~^+^' ■ x2p-2 -P0(^)2^£±i 



It follows from (2.3) and (2.1) that 

F,^,r{z)\'^''^^ T{zf^--' e-^^^^^-^ dm{z) 

T{zfP-^dm{z)^T{zkf^. 



(2 q\ ''\z-Zk\<T{zk) 

l\z-Zk\<T{Zk) 

On the other hand, using (2.1), it follows that 

t(z) < C2^T{zk) if \z - Zk\ < 2h{zk). 
Thus, since 7 > p, bearing in mind (2.4), we deduce that 



J\z-Zk,\>T(Zk) 

^( )2p(7-p+i) f li^^^^l^ dm{z) 

J\z-z,\>r(z,)\z-Zk\'P(^-P+^) 



00 



riz) 



2p-2 



j^QJ2Jr{z^)<\z^z^\<23 + ^r{z^) \z - Zk\^P(^ P+^) 
00 „ 

< \- 2-2jP(^-P+^) / T{zfP-^ dm{z) 

j=Q J23T{Zk)<\z-Zk\<21 + ''T{Zk) 

00 

<T(^fc)2P^2-2^■p(^-P)<T(^fc)2^ 
i=o 

which together with (2.9) gives (2.8). This finishes the proof. D 

3. A Littlewood-Paley formula 

Our aim will be to obtain a Littlewood-Paley formula for a large class of 
weighted Fock spaces Jp , following the approach in [21]. 

Let us introduce some useful notation. For an entire function / and < r < 00, 
we set 

Mp(r,/)=(^— y^ \f{re'')\Pdt^ , < p < 00, 

Ip{r,f)=MP{rJ), 0<p<oc, 

Moo(r,/)=max|/(z)|. 
\z\=r 
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Inspired by considerations in [25] and [21], for </> : [0, od) — t- R"*" twice continu- 
ously differentiable function and < p < oo, such that L°^ se~P'^^'''' ds < oo, we 
define 

Mr) = i^pAr) = ^^ ^ ^^^^p^r) 0<r<oo. 

The function ipp^cf, will be called the p-distortion function of (p. 
We consider the equivalence of the following conditions, 

oo 



MP{r,f)re-P'f''^''Ur < oo, 
MP{r, f'){%Ar)y ^e-P-^M dr < oo. 





oo 



'0 

for functions / G H{C), where < p < oo and < q < oo. The next theorem 
asserts that this equivalence holds if (p fulfills the -fTp-condition below, which is a 
rather weak assumption that is satisfied, for instance, whenever lim,.^oo r(j)'{r) = 

+ 00. 

Condition Kpi The function (j) is differentiable and there is a constant K = 
K{p, (/>) G E such that 

Theorem 10. Let < p < oo, < q < oo. // <p is a function satisfying condition 
Kp, then 

oo ^oo 

MP(r,/)re-P<^W dr x \f{{))\P + / MP{rJ'){i>4>{r)f re-^'t'^'^^ dr 
Jq 

for any entire function f . 

In particular, we obtain the following. 

Corollary 11. Assume that < p < oo and (j) is a function satisfying the 
Kp- condition, then 

V 

"C 



1/(0)1^+ / |/(^)|P(Vp,0Wf e-P'^(^)dm(z) 

- V 

for any entire function f . 



3.1. Proof of Theorem 10. We proceed in three steps: first we reformulate 
Theorem 10 as Theorem 12, then we present some preliminary material, and, 
finally, we prove Theorem 12. 



3.1.1. Reformulation. First, we note that for any fixed i?o £ (0,oo) 
(3.2) 



/•oo 

MPir,f)re-P'^^''Ur x / MP{rJ)re-P'^^'Ur 



oo /•oo 

MP{r,f'){M<pir)yre-P'^^'^Ur x / M^{r, f'){i'pAr)y re-^'^^'^Ur 
JRo 



dm^{r) = — -j-^ dr. 
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r°° se~P'**(°) (Is 

where '>pp,<l}{''') = — -p<Pir) — ^^'^ the constants involved in (3.2) depend on 0, p 
and Rq. 

Given a function 0, and < p < oo, we define the function f by 

/oo 
se-P't'^'^ ds. 

Since (p is continuous 

(3.3) ip{r)-P~^ip'{r)=re-P'^'^''\ 
and we define the measure dm^ on [0, oo) by 

(f{r) 
It is not difficult to see that condition Kp is equivalent to 

(3.4) sup ^^^^ < M. 

where M G M is an appropriate constant. 

Consequently, bearing in mind (3.2), we can reformulate Theorem 10 as follows. 

Theorem 12. Let < p < og and < q < oo. Let ip : [l,oo) -^ R be a 
differentiable, positive and increasing function such that lim,.^oo fif) = oo. For 
each entire function f, we define Fi{r) := ^/V , F2{r) := ^,A . If tp satisfies 
(3.4), then 

for each f eH{C). 

3.1.2. Preliminary results. We shall need some lemmas. 

Lemma 13. If f & H{C), < q < oo, then there is a constant Cq such that 

(3.6) Mg(r,/)<C,(p-r)-iM,(p,/), < r < />< oo. 

Proof. 

Let r and p be as in the statement. Fix R > p and define the analytic function 
in the unit disc D, 

fR{z) = f{Rz), zeB. 

By [21, Lemma 3.1], there is C^ > such that 

Mg{s,{fRy)<Cg ^f'^''\ foranyO<5<t<l. 
t — s 

Choosing s = -^ and i = r, the proof is finished. D The next result can be 

proved following the lines of [17, Lemma 2]. 



Lemma 14. If f £ HiC), < q < oo and s = min(g, 1), then there is a constant 
that 

M^ip, f) - M^ir, f) < Cgip - rYM^ip, /), < r < p < oo. 



Cq such that 



14 OLIVIA CONSTANTIN AND JOSE ANGEL PELAEZ 

The following lemma can be obtained by standard techniques, so its proof will 
be omitted. 

Lemma 15. Let {yl„}^_]^ be a sequence of complex numbers, < 7 < 00, 
a > 0. Set 

00 



n=-l 

00 



n=— 1 

Then the quantities Qi and Q2 are equivalent in the sense that there is a positive 
constant C independent o/{^„}^_]^ such that {l/C)Qi < Q2 ^ CQ2- 

The next lemma, which will be a key tool for the proofs of our main results, is 
essentially proved in [21, Lemma 3.5]. 

Lemma 16. Let ip : [1, co) — t- M 6e a differentiable, positive and increasing 
function such that limr^oo '^{f) = 00 and ip{l) = 1. Define the sequence {r„}5^Q 
by 

(3.7) V9(r„) = e", n > 0. 

If if satisfies (3.4), for every n > 0, 

'f'i.y) ^ 2M ^ / / 

-77^ < e^™ , rn<x <y < r„+2. 
(p'[x) 

3.1.3. Proof of Theorem 12. Let {r„}^Q be the sequence defined by (3.7). 
We may assume without loss of generality that V'(l) = 1- 
First, we assume that Fi G U'^druip). Then, 



00 > \\Fi\\l,(,m,^ = j^ M^{r, /)^(r)-P- V'(r) dr 
(3.8) ^ E K(''- /) / ^{rr'^'^'ir) dr 

n=0 ^ n=0 

On the other hand, 

/oo 
M,^(r,/Ov.'(r)^-V(r)-^dr 

< j;M,^(r„+i,/0 / (^'(r)i-^(^(r)-idr = J^ M,P(r„+i, /')(/.' 

n=0 ""^ n=0 
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where rn < Xn < fn+i- Here we have used the formula J "^^ ip' {r)ip{r)~^ dr = 1. 
Now, taking into account (3.6) we obtain 

oo 

(3.9) ||F2|li,(,„^) < C5^M,P(r„+2,/)(r„+2 - r„+i)^V'(xn)-^. 

n=0 

On the other hand, by Lagrange's theorem, 

ip{rn+2) - v{rn+i) = (r„+2 - rn+i)^'{yn)-, where r^+i < Vn < r„+2, 
whence 

(3.10) r„+2 - r„+i = (1 - e-i)e"+2 {^' {y^))-^ . 
Combining this with (3.9) and Lemma 16, we get 

l/(0)r + l|i^2|li.(,„^) < |/(0)r + f;M,-(r„^„/)e-("+^> (^)' 

oo oo 

n=0 n=0 

which together with (3.8) gives the inequahty \fiO)\^+\\F2\\%^^^^) < C'll-^illip(rfm,^) 
in (3.5). 

Now It will be proved the reverse inequality in (3.5). Assume that F2 G 
LP{dm^). We shall consider the case q < 1, the proof for g > 1 is similar. 
Let q < 1 and 7 = p/q. Arguing as in (3.8) and choosing r_i = 0, we get 

00 00 

II^iIIl.(.„..) < ^ E Mi;{rn,f)e'-' = C Y, A^e-^^, 

n=—l n=—l 

where An = Mq{rn, /). This together with Lemma 15 implies that 

00 
\\Fi\\U<im,)<C\f{OW + C J2 (M,^(r„+i)-M,^(r„,/)fV"^. 

n=-l 

Hence, by Lemma 14, we have that 

00 

(3.11) ll^illi.(.™,) < C\f{0)\^ + C Y Ml{rn+un{rn^i-rnYe'-^, 

n=-\ 

Now, we use Lagrange's theorem, as in (3.10), to obtain 

00 
ll^illi.(.™.)^ 1/(0)1"+ E M^^(r„+l,/')v^'(x„)-^ 

n=—\ 

00 

< |/(0)r + |/(l)r + E^l'(^«+i'/')v''(a:n)-^ where r„ < x„ < r„+i. 
n=0 
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On the other hand, 



oo 



> ^MP(r„+i,/) / (^'(r)i-V(r)-idr 

n=0 -^^"+1 

oo 

= ^ MP(r„+i, /')'^'(yn)"^, where r„+i < Vn < r„+2- 

n=0 

Finahy, using subharmonicity, (3.11), Lemma 16 and the above inequahty we 
deduce 

oo 

n=0 

oo 

n=0 

The proof is complete. 

3.2. The distortion function. We now consider a class of weights for which 
the statement of Corollary 11 becomes more transparent. 

Lemma 17. Assume (j) : [0, oo) — )■ M^ is twice continuously differentiable and 
there exists ro > such that 4>'{r) ^ for r > r^. Let p > and suppose 

lim . , = 

r^>oo (p'(r) 



limsup-(-— r^j <p 
r^oo r\6'(r)J 



(3.12) liminf - (-7^)' > -00. 



Then (/) satisfies the condition Kp and there exists ri > such that 

(p [r) 
where the involved constants might depend on p > 0. 

Proof. By hypothesis there is a < 1 and r2 > rg such that 
(3.13) (^^) -"'" oi^N,+oo). 
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So an integration by parts on (r2,r] gives 

= —1 ^!ll ^ / ( t ) e^P'^^-'^ ds 

p(j)'{r) p(t>'{r2) Jr2^P(l)'{s)J 

p(t)'{r) p(t)'ir2) X2 



that is 



Jr2 — 1— a V P<p (r) 



r2 — 1— a \ P4>'{'f') p4>'{^2) J ' 



SO taking the hmit as r — t- 00 and bearing in mind (3.12), we can assert that there 
is Ci = Ci{p, 0) > such that for any r > r2 

(3.14) I ,,-.*(.)< c,^^. 

In particular, j^ se~P'^^^' ds < 00. We note that (j) satisfies the Kp condition if 
/ r°^ se-P'^(^) ds p(f>' (r) r se-P'^(^) ds \ 



Now, by (3.13) 



ds + —- — - < h 



,,, .0'(s)y 0'(r2) - 2 0'(r2)' 

which together with (3.14) implies that 

j^ se-^^^^) ds ^ 1 ^ P , r2 ^ 

^2g-p</,(r) ~ r(/)'(r) ~ 2 r20'(r2) 

so the first addend in (3.15) is bounded. On the other hand, a straight-forward 
application of L'Hospital's rule gives 

p f°° se-P't'^''^ ds 1 
liminf — --r- > liminf -, > —00, 

r-^00 re-P<l>M - r^oo I- ± '" , V 

consequently (3.15) holds. Finally, another application of L'Hospital's rule gives 
hm mf 1, r M - 1™ ™f . w/ Nx„i < lim sup , < hm sup ^ , ^ . , 

r->oo p_i(_^)' r^oo ((/.'(r)) 1 ^^00 (0'(r)) ^ r-^00 P - ^i^)' 

which proves the lemma. D 

Lemma 18. Assume (f> : [0, 00) — )■ M^ is a twice continuously differentiable 
function such that Acf) > , {A(j){z))^^''^ x t{z), where t{z) is a radial positive 
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function that decreases to zero as \z\ — )■ oo and linij—^oo T'if) = 0. Then 

[a) iim = oo. 

r— >oo T 

<f>"(r) 
(6) Iim T{r)(f) {r) = co, or, equivalently, Iim = 0. 

(c) For any p > we have ipp(r) x —77^; , for r > 0. 

(p (r) + 1 

id) l^inf'4P^>C>0. 

Proof. A simple calculation shows that 

(3.16) A^{r) = ^"{r) + -0'(r) = MMI. 

By L'Hospital's rule we obtain 

r(j)'(r) , (rcj)')' , A(/)(r) 
Iim K — = Iim = Iim = 00, 

r— ^-oo T r— ^-oo 27' r— >oo 2 

which proves (a). 

Let us now prove (6). Taking into account (3.16) we obtain 



r(r)<p'{r) = iM T ,A,A(s) ds>^ T^ ds. 
r Jo r Jq t^{s) 



Again by L'Hospital's rule we get 



rr ^(r) T{r) — rr'^r) 



hm -jf — — = Iim = 0, 

which implies liuir^oo Ti''')4'' (f) = oo. By (a) and relation (3.16) this last fact is 
equivalent to limj._>oo -^r^^ = 0- 

Taking into account (a) — (b) it is straight-forward to check that the hypotheses 
in Lemma 17 are satisfied, indeed 

hm i(-^)' = 0. 
r—>-co r \(p [r) J 

and hence V'p('') >^ 'm7\ fo^^ ^ ^ ^o- Since </>' > and limr-s.oo 0'(r) = oo, we 
obtain (c). 

We now turn to (d). By (3.16) 

rA0(r) rT~'^{r) r'^T~'^{r) 



0'(r) 0'(r) /^T^iyrfs' 

so L'Hospital's rule implies 

liminf !1^„ ^^^ > liminf2 (1 - ^^^^ 1 > 2, 



and we are done. D 

The previous considerations lead us to the following Littlewood-Paley formula. 
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Theorem 19. Assume that < p < oo and (p : [0, oo) — )■ M+ is twice continuously 
differentiable satisfying the hypotheses of Lemma 17. Then we have 

for any entire function f , where the distortion function ipp^tp satisfies 

^^vA^) - -^^ for \z\ > ro, 
for some ro > 0. In particular, if (/) & I, the following holds 



for any entire function f . 

It is worth to point out that the class of functions satisfying the hypotheses 
of Lemma 17 is quite large, containing functions whose growth ranges from loga- 
rithmic (e.g. 4>{r) = alog(l + r), ap > 2) to highly exponential (e.g. 4>{r) = e^ ). 

The following result which is deduced from Lemma 5 shows that the distortion 
function is "almost constant" on sufficiently small discs whose radii depend on 

Lemma 20. Assume that cp : [0, cx)) — )■ M^ is a twice continuously differentiable 
function such that A</> > 0, {A(j){z))^^''^ x t{z), where t{z) is a radial positive 
function that decreases to zero as \z\ — )■ oo and lim^-^oo ''"'(^) = 0. Then, there 
exists ro > such that 

(3.17) 0'(a) X (/)'(z), z€D{a,6T{a)), 
for all a & C with \a\ > ro. Moreover, 

l + (/>'(a) X ! + (/)' (z), z£D{a,ST{a)), 
for all a G C. 

Proof. Since (p is radial, it is enough to show that there exists ro > such that 
for a > ro 

(3.18) (j)'{a)^(f)'{r), r G (a - (5r(a), a + (5r(a)). 

Recall that 

1 f 

(f)'{r) = - / sA0(s) ds, r > 0. 
r Jo 

Our assumptions on r imply 

a >i r, r £ {a — 5T{a), a + 6T{a)), 
for a > 2(^max5g[o^oo) ^is)- Hence, proving (3.18) reduces to showing that 

pa 

sA0(s) (is X / sA(l){s)ds, r (^ {a — 6T{a),a + 6T{a)). 
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We have 

lo V^ds ~ /o" sA(f>{s) ds - £ ^ ds 
By L'Hospital's rule and Lemma 5 we deduce 

fo^^^^'^'^T^ds (l + <5r'(a))(a + <5r(a))r-2(a + 5r(a)) 
hm sup T^ — - — y < hm sup ^Tr~\ 

{l + 6r'ia))ia + 6ria)) 
iimsup = 1. 






Analogously one can show that 

ra-Sria) g ^„ 
Jo tHs) 

liminf jra — 5 — V > c> 0. 

'^^'^ Jo T^ds 

and (3.17) follows in view of (3.19). Since limj,_5.oo </>' (^) = 00 last assertion is 
now straight-forward. D 



4. Proof of Theorem 1 

At the end of this section we provide a proof of Corollary 2. 
Fix R > max < 100, -y=,2^^>, 5 G (0, ttt,,-) and consider the covering {D{6t{zj)} 
given by Lemma 6 for t{z) = 6t{z). 



4.1. Proof of (I): boundedness. Suppose first that Id : Jp — )■ L'^{fi) is bounded. 
For a G C with \a\ > ri(R), consider the function Fa^R obtained in Proposition A. 
By Corollary 8, we have ll-Fa,/?!^^ ^ '^i^)'^- Then, using (2.3) we get 



e«^(^)d^(z)< / iFaM^WMz) 

D{ST{a)) JD(5T{a)) 

</|F,^(.)rdM.)<||/.|i;._^,,(^)r(a)^. 



which implies that K^^^ < C\\Id\Wp(^-^^-[^q^^^y 
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Conversely, suppose that (1.4) holds. The idea of the proof goes back to [18]. 
Bearing in mind Lemma 6, Lemma 7 and Lemma 5, it follows that 



[ IfizWd^z) <Y, [ IfizWd^z) 

J<C j Jd{5t(zj)) 

^ E / 1 ^ / l/(C)re-P<^«) dmio] V(^) d^,{z) 

<E(/ l/(C)l'e-«<'<<™(C))7 ^^^^^ 

. XJDmrizA) / JDiSrizA) t(^)V 



(4.1) 



< 



D{3St{z,)) ) JD(5t{z,)) r{z)T 

, \Jd(3St(z,)] / 






Now, using Minkowski inequality and the finite multiplicity N of the covering 
{D{36t{zj))^ (see Lemma 6), we have 



JC \j J D{3St(zj)) 



g/p 



<K.,,.m/p 



proving that /^ : J"^ -^ L«(/i) is continuous with ||/d||% rat ^^ ^t^,<t>- 

J-p ~^J^'i(fl) 

4.2. Proof of (I): compactness. Suppose that (1.5) holds and let {/n} be a 
bounded sequence in Jp . By Lemma 7, Montel's theorem and Fatou's lemma, 
we may extract a subsequence {fn^} converging uniformly on compact sets of C 
to some function / G Jp . Given e > 0, fix tq G (0, oo) with 

(4.2) sup — ^ / e'i'^(^Uf,{z) < e. 

\a\>ro T{ayi'P JD{&T{a)) 

Observe that there is Tq G (0, oo) with r^ < Tq such that if a point Zk of the 
sequence {zj} belongs to {\z\ < tq}, then D{5T{zk)) C {\z\ < Tq}. So, take n^ 
big enough such that sup|^|<^/^ Ifukiz) - fiz)\ < e. Then, setting gn,^ = fn^ - f, 
and arguing as in (4.1), it follows that 

||<7nJlL(„) < / \gnd^W dfl{z) + Y, I \9n,{z)V d^l{z) 

<Ce + C||5nJ|% sup \ [ e<i^(^^ d^i{z) < Ce. 

This proves that I^ : Fp — t- L'^{fJ^) is compact. 
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Conversely, suppose that I^ '■ J'p — > L'^ilj) is compact. Take 

fa,R{z) = ( .2/v ' '^ ^ - " ' 

where rj{R) and Fa^R are obtained from Proposition A. By Corollary 8, 

sup ||/a,_R||x-<* < C < CO 
\a\>v{R) 

which together with the compactness of the identity operator implies that {fa,R '■ 
r]{R) < \a\} is a compact set in L^{p)- Thus 

(4.3) lim / \fa r{z)\^ dfi{z) = uniformly in a. 

On the other hand, if 7 = -^ the estimate (2.4) gives 

|/a,M^)re-P^(^)<^^;L^, \z\<r, \a\>2r. 

Thus fa^R — )• as \a\ — )■ 00 uniformly on compact subsets of C, which together 
with (4.3) implies that lim|(i|^oo ll/a,_R||L'j(/i) = 0. Therefore, using the estimate 
(2.3) of Proposition A we obtain 

T(a)-^«/^/" e'"^(^Un{z) < f \faA^WMz)<\\fa,R\\U,y 

JD{ST{a)) JD{5T(a)) ^^' 

Now let |a| — )■ 00 above to complete the proof. 

4.3. Proof of (II). The implication (a) =^ (6) is obvious. To prove that (6) =^ 
(c), we use an argument of Luecking (see [15]). For an arbitrary sequence {0^} G 
(P , consider the function 

G^{z)= ^ a.nit)^^, 0<t<l, 

where r'fc(t) is a sequence of Rademacher functions (see page 336 of [15], or Ap- 
pendix A of [13]). By Proposition 9 and condition (b) 

Integrating with respect to t from to 1, applying Fubini's theorem, and invoking 
Khinchine's inequality (see [15]), we obtain 
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If xe{z) denotes the characteristic function of a set E, bearing in mind the 
estimate (2.3), and the finite multiplicity N of the covering |D(3(5r(zfc))} (see 
(iv) of Lemma 6), we have 



< E ^4?/ |F,„^(z)|«dM^) 

f |„ \q 

= / E ^^\Pzk,R{z)\'^ XD{UT{zk)){z) d^i{z) 

''^Zk:\zk\>v{R)T{zk)p 



<max{l,iVi-''/2}/" I Y. 

\Zk-\Zk\>' 



|2K^fe,«(^) 



,2^'?/2 



lofcl — / , , , (iyu(z) 

viR) ^ ''' 



This, together with (4.4) yields 

Then using the duality between ii and £p-9 we conclude that 



£_ 
p-ij 



(4.5) E T^ / ^'^^'^ ^^(^) ' ' ^(^'^)' < °^- 

Note that there is pi G (0,oo), with rj{R) < p\ such that if a point z\^ of the 
sequence {zj} belongs to {j^l < ??(-R)}, then D{5T{zk)) C {|2;| < pi}. Therefore, 
using Lemma 5, (ii) and (iii) of Lemma 6, and (4.5) we deduce that 

-2 / e'?'^('^)dM(C))' '^m(z) 

91 V ''"V^/ 



|2|>pi\'l^; JD(<5t(2)) 



_p_ 

p-q 



^ E / ^^2/ e'^^('^)dMC)) ''im(z) 



p 

p-<3 



^ E -T-^ [ '"^^^^ dpiO ' ' r(z,)2 < 00. 



This, together with the fact that the integral 



1 /■ \ p^? 



'|2|<Pi\t(^)^ JD{&t{z)) 

is clearly finite, proves that (c) holds. 



j'?'^^'^) dAf(C) f^m(z) 
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Finally, we are going to prove that (c) implies (a). It is enough to prove that 
if {fn} is a bounded sequence in Jp that converges to uniformly on compact 
subsets of C then lim„^oo \\fn\\Li{dfi) = 0- 

Bearing in mind (2.2) for t{z) = St{z), and the fact that T{r) is a decreasing 
function with limr^oo Tir) = 0, we assert that there is Tq 

(4.6) d(^^t{z)^ c{C€C:\C\>^-}, if \z\ > r > r',. 

On the other hand, it follows from Lemma 7 that 

\fn{zW < C^ f |/„(C)re-^^(«dm(C). 

Integrate with respect to dfi, apply Fubini's theorem, use (4.6) and Lemma 5 to 
obtain 



(4.7) / \fn{z)\U^,{z) 

J {z€C: \z\>r} 

<C [ |/„(C)re-^^(« ( -1- / e«^(^) d^(z) I dmiC), r > r',. 

By condition (c) for any fixed e > 0, there is tq > Tq G (0,oo), such that 



/. 



p 

p-q 



s«'^(^)(i/x(z) dm(C)<e^. 



'{Cec;|ci>^} \^iC)^ JDiSriO) 
Then (4.7) and an application of Holder's inequality yields 

(4.8) / \UzWdf,{z) 

J{zeC:\z\>ro} 

p—q 

( p \ - — - 

f ( -i-2 / e'^f^^Uf.iz)] ' dm(C) 

J{CeC:\(\>^}\r{CVJD(SriO) J 

<Ce. 

Moreover, we have lim„^oo Ji^Kr l/"(-^)l'^ d^{z) = 0, which together with (4.8), 
gives lim„^oo ||/n||L'?(d^) = 0. This completes the proof of Theorem 1. 

Proof of Corollary 2. Fix p G (0, oo) and put ii{z) = e^'^'^^^' dm{z) in Theorem 
1. For q > p, taking into account that r decreases to as a — ?■ oo, we deduce 
that for any S > 

—1— / e^^(^) df^iz) X r(a)2(i-«/p) ^ oo, if a ^ oo, 

SO by Theorem 1 (I), Fp ^ Fq . On the other hand, if < g < p, using Theorem 
1 (II) and the fact that / = 1 ^ Lp^ {C, dm), we deduce that Jp ^ 7g . D 
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5. Proof of Theorem 3 
Let us first notice that, by Theorem 19, we have 

(5.1) II Vr X / \f{z)\^g\z)\'^{l + <p'{z))-'ie-'i't>^^Um{z), 

for g > and for any entire function /. This relation shows that the boundedness 
(compactness) of the integration operator Tg : J^p — )• Fq is equivalent to the 
continuity (compactness) of the embedding I^ : Fp — t- L'^{fig^^) with 

d^ig,4z) = \g'{z)mi + 4>'{z))-'ie-'i'^(^Um{z). 

5.1. Proof of (I). Assume < p < q < oo and let 6 G {0,mr)- By Theorem 1, 
the embedding Id : J-'p — )■ L'^(^g^^) is continuous if and only if 

(5.2) sup — i— - [ \g'{z)mi + 4>'{z))-Um{z) < oo. 

age Tiay/P JD{&T(a)) 

Bearing in mind Lemma 5, it is clear that (1.6) implies (5.2). On the other 
hand, by Lemma 20 and the subharmonicity of |5''|'^, we deduce 

|5'(a)r (1 + .^'(G))-V(a)2-2§ < (1 + ct>'{a))-H{a)-^i f \g'{z)y dm{z) 

JD{5T{a)) 



<T{a)-'-^ / \g'{z)\\l + <t>'{z))-''dm{z), 

JD{5T{a)) 
and the proof of part (a) of (/) is complete. 

Concerning the compactness part (6) of (/), note that, by part (/) of Theorem 
1, the embedding I^ : Tp — )■ LP{fig^^) is compact if and only if 

lim -^ f \g'iz)mi + <p'iz))-Umiz)=0. 

m^°° T{a)~ JD(5T{a)) 

Proceeding as in the boundedness part, we see that this is equivalent to 
lim |5'(a)|« (1 + ,^'(a))-«T(a)^"^p = 0. 

|a|— >oo 

5.2. Proof of (II). The equivalence (a) <^ (6) follows from part (//) of Theorem 
1. 

Let us prove that (6) =^ (c). From part (//) of Theorem 1 we deduce that (6) 
is equivalent to 



C [Ti^y Jd{t{z)) 
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Now, by Lemma 20 and the subharmonicity of \g'\'^, 
\g'{z)Y{l + <t>'{z)y^- dm{z) 



< 



c\r{zni + <P'iz))'^JDiriJ)) 



P 

p-q 



WiCWdmiO] dm{z) 



< 



1 



\9'{0\\l + 0'(C))-^ dm{Q dm{z) < oo. 



/c y(z)' Jd(t(z)) 
(c) => (6). If j^ G L'"(C,(im), then (5.1) and Holder's inequahty a gives 

\Tgfr^, < l^j^\f{zWe-^^^^Um{z)\' ( [ Wiz^il + <P' (z))-^ dm(z)^ ' ' 



< 



Thus Tg : J^p 



—7- J^q is bounded with HTgH < 



1 + 0' 



L^iCdm) 



. This finishes the 

D 



proof. 

6. SCHATTEN CLASSES ON J"^ 

Given a separable Hilbert space -ff, the Schatten p-class of operators on H, 
Sp{H), consists of those compact operators T on H with its sequence of singular 
numbers A„ belonging to i'P, the p-summable sequence space. 

If {e„} is an orthonormal basis of a Hilbert space H of analytic functions in C 
with reproducing kernel K^, then 



3.11 



KziC) = Y,{K,,en)en{C) = ^e„(C)e. 



Also, by (6.1) we have 

n 

Thus Parseval's identity gives 

(6.2) \\K,\\l = Y,\en{z)\^ and ^K., 



dz 



H 



Ei<(^)i'- 



Now, we are going to give the proof of Theorem 4 on the description of the 
Schatten classes Sp := Sp{J^2)- First we consider the sufficiency part of the case 
1 < p < oo. For this we need the following two lemmas. The first one is a L°^ 
version of Theorem 12, and its proof is based on ideas from [20, Theorem 2.1]. 

Lemma 21. Let < p < oo and ip : [1, oo) — )■ M 6e a twice differentiahle, positive 
and increasing function such that lim^-^oo v(^) = o^- ^f ^ satisfies (3.4), then for 
each entire function f , the following conditions are equivalent, 
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(i) Mp{r,f) = Oiipir)), r^oo. 
(tt) Mp{r,f') = 0{ip'{r)), r^oo. 

Proof. Let {r„} the sequence defined by V3(r„) = e"^. 
(i) =^ (ii). By Lagrange's theorem for each n G N 

(6.3) v{rn+i) - v?(r„) = v?'(t„)(r„+i - r„), t„ G (r„,r„+i) 

so by Lemma 13 and Lemma 16 

-Mpirn+iJ) 



r„+i - r„ V'l^n+i) - ^(rn) 



Now, for r G [ro,oo) choose n such that r G [r„,r„+i). Then 

Mp(r,/') < Mp{rn+iJ') < C(^'(r„+i) < Cy,'{r), 

where the last inequahty follows from Lemma 16. 

(a) =^ (i). We assume that < p < 1 (the proof for p > 1 is anologous). 
Bearing in mind Lemma 14, (6.3) and Lemma 16, we get 

M,P(r,+i, /) - M^{r„ f) < C,(r,+i - r,)^M,^(r,+i, /) < C(r,+i - r,)^v^'(r,+i)^ 
so a summation gives 

n 

MP{rn+iJ) < C j; e^'P + MP{ro, /) < Ce^^ = Cipir^r 

and the proof follows. D 

Lemma 22. If (/) & I satisfies (1.7), i/ien 



5; 



-K, 






O(||i^,||_^,0'(|z|)), 



z — )• oo. 



Proo/. 

Let {e„} be the orthonormal basis of T^ given by 

e„(z) = z"(5-S nGN, 

where b\ = 27r /g°° ^2n+ig-2(/i(r) ^^_ gy CoroUary 8 we have that 



E-"^n^ = El«^^ 



li^. 






n=0 n=0 

So, if we consider the entire function defined by 

oo 
n=0 



T'^ir') ' 



\z\ = r. 
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1 r^ 



1 

1 2 ,^\2 



then M2(r, f) = [^ jl^ \f{'re)\ d9\ x <&(r), as r — > oo, where 

Mr) 



T{r)' 
By Lemma 18 

<l>'(r) X ^{r)(/)'{r), as r — )■ oo. 

Moreover, in view of (1.7) and Lemma 18, a calculation shows that 

$"(r)$(r) 

Thus by Lemma 21 

M2(r,/') = 0(<l>'(r)). 

Finally, since for r = \z\, 

2 oo oo 



dz 



t: 



2 n=0 



n=l 



we obtain 









M2{r,f') =0($'(r)) x$(r)0'(r) x ||K^||_^0(/.'(r), r ^ oo. 



D 



Proposition 23. Xei (7 G H{C), 1 < p < 00 and G X satisfying (1.7). // 
jf^ G LP(C, A(/)(im), i/jen Tg G 5p(J'|). 

Proo/. 

By Theorem 19, the inner product 

(/, 9)* = fiO)m + / n^)7i^) (1 + .^'(^))-'e-'^(^) dmiz) 

Jc 

gives a norm on J2 equivalent to the usual one. If 1 < p < 00, the operator Tg 
belongs to the Schatten p-class Sp if and only if 



Em 



g(^m Cjj/* I < 00 



for any orthonormal basis {e„} (see [28, Theorem 1.27]). Let {e„} be an or- 
thonormal set of [J' 2, ())*)• Next, applying Theorem 19 for p = 1 and (p = 2(j) 
we deduce 



1 _ \\„ ||2 — |U2 II „ > I IP 

-■■ ~ \\^n\\-p4, —\\^n\\jr4> r^ ' '^ 



(z)e;(z)|(l + ,^'(z))-ie-'^(l^l) dm{z) 
e„(z)e;(z)|(l + 0'(z))-^e-2'^(l^l)dm(z) 
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This together with Holder's inequahty yields 

Yl KT,e„,e„).r < E f / \9'{z)eniz)e'Jzm + ,/.'(z))-2e-2'^(l^l) dmiz))" 

<E /l5'Wne„(z)e;(z)|(l + </>'(z))-(P+i)e-2'^(N)cim(z) 

Jo 



and since ||-ftr^|| ^e~ '^^'^'' x A0(z) (see Corollary 8), the result will be proved if 
we are able to show that 

(6.4) J2\^n{z)e'^{z)\< \\K,\\l,{l + cp\z)). 

n 

To prove (6.4), we use the Cauchy-Schwarz inequality to obtain 

1/2 / X 1/2 

iz)n 



Y,\eniz)e'M)\< [Y.\^niz)A (EI4 

n \ n / \ n 



\K 



z\ -p4' 



d 

oz 



■^2 



Now, the inequality (6.4) follows from Lemma 22. This completes the proof of 
the Proposition. D 

Now we turn to prove the necessity for < p < oo. The proof is quite similar 
to that of [19, Proposition 4], however we include it for the sake of completeness. 

Proposition 24. Let g G H{C), < p < oo and (f) € 1. If Tg € Sp{T^), then 
j^eLPiC,A(t>dm). 

Proof. We split the proof in two cases. 

Case 2 < p < oo. Suppose that Tg is in Sp, and let {e^} be an orthonormal ba- 
sis in ^2 ^i^d R > 100. Let {zk} be the sequence from Lemma 6 for t{z) = 5t{z), 
S G (0,171,-), and consider the operator A taking ek{z) to fz^iz) = Fz^^ji{z)/t{z^^). 
It follows from Proposition 9 that the operator A is bounded on Jg • Then TgA 
belongs to Sp (see [28, p. 27]), and by [28, Theorem 1.33] 



Y.\\Tg{fat, = Y,\\TgAe,\Z,<^- 



w-pf 

k 
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This together with Proposition A and Theorem 19 gives 

E^ ( / i5'(^)i' (1 + '^'(^))~' ^"^(^) 1 
^ E f / 1/^.(^)1' \9'(')\" (1 + '^'W)"' ^""^^'^'^ ^-w) ' 

On the other hand, if 6 is sufficiently small, applying Lemma 7, Lemma 5, 
Lemma 20 and Lemma 6, it follows that 



\g'{z)\P (1 + (p\z))~P A(P{z) dm{z) 



\P/2 



(\ P/2 
/ i5'(c)i^(i+0'(c)r^rf-(c) ^ 
7D(<5r(^)) y r\z) 

'^Y.^Sl i5'(c)P(i + 0'(c)r'dm(c)') . 

This together with the previous inequality concludes the proof. 

Case < p < 2. If T^ G 5p then the positive operator T*Tg belongs to 5p/2- 
Without loss of generality we may assume that 5' / 0. Suppose 

g gJ ^ / _, ^n\J ^ Cn/* &n 
n 

is the canonical decomposition of T*Tg. Then an standard argument gives that 
{e„} is an orthonormal basis. So relation (6.2) together with Corollary 8 and 
Holder's inequality yields 

\g'{z)\P (1 + (p'{z))-P A(P{z) dm{z) 

\g'{z)\P (1 + (l)'{z)yP \\K,f e-^-^d^l) dm{z) 
= y2 [ Wi^r (1 + (P'iz))'" |e„(z)|2 e-^-^d^l) dm{z) 

n JC 

<Y.{I \9i^)\^ (1 + '^'(^))"' \^n{zf e-2^(l^l) dm{z) 

n Vic 

< \^iT*T p p \^/^ - "S^ AP/2 - \\T*T 11^/^ 
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D 



This completes the proof. 

Finally, we shall prove the main result in this section. 

Proof of Theorem 4- 

Part (a) follows directly from Proposition 23 and Proposition 24. Moreover, if 
< p < 1 and Tg G Sp{J^2) '^ '5i(J2 )> then Proposition 24 and Lemma 18 (d) 
imply that for some rg € (0, oo) 



/, 



\9'{^)\ 



ro<|z|<oo PI 



dm{z) 



\g'i^)\ 



< 



! + (/>' 



A(j){z) dm{z) 



A(/){z) dm{z) < oo. 



Therefore, it follows that g' = 0, which gives (6). The proof is complete. 

7. Examples 



D 



In this section, several examples of rapidly increasing functions are given. We 
offer the corresponding description for the boundedness and compactness of the 
integration operator Tg in each case. 



Example 1: The functions 



|z|", a > 2 belong to Z with Acj) 



la-2 



SO we obtain the following as a byproduct of Theorem 3. 

Corollary 25. Let <p,q < oo, g an entire function, (j){\z\ 
(/) (a) Let < p < q < oo. Then, 



// 1 + (a - 2) ( 1 - i + i j < 0, then Tg : T^ 



+ i ) > 0, then Tg : JJ 



if and only if g is constant. 

if and only if g is a polynomial with 

deg{g) < 2 + (q - 2) ( 1 - - + - 
\ p q 



Q >2. 



Fn is bounded 



Fq is hounded 



< 0, then Tg : Fp 



Fq is compact 
Fq is compact 



(6) Let < p < q < oo. Then, 

. //l + (a-2)(l-l + i 

if and only if g is constant. 
. // 1 + (a - 2) (l - i + i) > 0, then Tg : F^ 

if and only if g is a polynomial with 

deg{g) < (a - 1) -(---) (a - 2) + 1. 
\p qj 

(LL) LetO < q <p <oo. 

* If q ^ (a^i\+2 ' '^9 • -^P ~^ -^t ^^ bounded if and only if g is constant. 

_2p_ 

• If q > "^ip . The following conditions are equivalent: 

(a) Tg : Fp — )■ Fq is compact; 
(6) Tg : Fp — )■ Fq is bounded; 
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(c) g is a polynomial with deg{g) < a , where r = -^. 

Moreover, Theorem 4 shows that, Tg G Sp if and only \i p > ^j^ and g \s a, 
polynomial with deg{g) < a(l — -). 

The above example illustrates that there does not exist a value of /3 = 2;^ big 
enough such that (1.6) implies that g is constant for all (p £ I. 

Example 2: The functions (f>{\z\) = e^l^l, /3 > belong to X with Acp x e^l^l, 
so we obtain the following as a byproduct of Theorem 3. 

Corollary 26. Let < p,q < oo, g an entire function, 0(|^;|) = e^'^', /3 > 0. 
(/) (a) Let < p < q < oo. Then, 

• // > 1, then Tg : J-J — )■ Jg is bounded if and only if g is 

constant. 

• // - — i = 1, then Tg : Fp — ;• J^q is hounded if and only if g is 
a polynomial with deg{g) < 1. 

• //- — -< 1, then Tg : J^p — )■ J^q is bounded if and only if 

sup^eclg {z)\e^'' " ^' ' <oo. 

(6) Let < p < q < oo. Then, 

• If > 1, then Tg : J-J — )■ Jg is compact if and only if g is 

constant. 

• // < 1, then Tg is compact if the "little oh" versions of 

the boundedness conditions in (a) hold. 

{II) Let < q < p < oo. The following conditions are equivalent: 

(a) Tg : J^p — ;■ J^q is compact; 

(b) Tg : J^p — ;■ Fq is bounded; 

(c) j'^ [\g' {z)\e~ 1^^^^^ dm{z) < oo, where r = -^. 

Moreover, Theorem 4 shows that Tg G Sp if and only if 

g'{z)e'^i^'p)^"^ G LP{C,dm), p>l. 

The above example shows that for any r > in Theorem 3 (11) (c) g can grow 
exponentially. 

Example 3: The function 0(|2;|) = e^"" belongs to X with A(/) x ^VA+e.'' ^ go 
Theorem 3 provides the following 

Corollary 27. Suppose g is an entire function, < p,q < oo and (pdz]) = e*^ . 
(/) (a) Let < p < q < oo. Then, 

• // > 1, then Tg : J-J — t- J^ is bounded if and only if g is 

constant. 

• If < 1, then Tg : Jp — )■ Jg is bounded if and only if 



supzec\9iz)W ^ ^^ " ^^ ' ' ^ < oo 
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(6) Let < p < q < oo. Then Tg is compact if the "little oh" versions of 
the boundedness conditions in (a) hold. 
{II) Let < q < p < oo. The following conditions are equivalent: 
(a) Tg : J^p — )• J^q is compact; 
(6) Tg : J^p — )■ J^q is bounded; 
(c) L ( |5'(z)|e^l^l^^ " J dm{z) < oo, where r = -£3-, 

Moreover, Theorem 4 shows that Tg G Sp if and only if 

5'(z)e(^"^)'^'"^"^)^^ eLP{C,dm), p > 1. 

8. Invariant subspaces of the Volterra operator 
In the particular case g{z) = z, the operator Tg becomes the Volterra operator 

Vf{z) = r /(C) ^C, ^ G C, / G Jp^ p>0. 
Jo 

Recall that a closed subspace A4 in J-J is called invariant for V if VA4 C A^. 
In this section we aim to characterize the invariant subspaces of V. For this we 
begin by showing that polynomials are dense in Jp, by two different methods. 
The first one is based on some smooth polynomials and the second one follows 
by a dilation argument. 

8.1. Density of polynomials. For the first proof, we need some background on 
certain smooth polynomials defined in terms of Hadamard products. Let T be 
the boundary of the unit disc D = {z : jz] < 1}. If W{e^^) = J^keJcZ^k^^''^ ^^ ^ 
trigonometric polynomial and /(e) = Yl'kel^ OfcC G L^(T), then the Hadamard 
product 

{W*f){e^') = Y,akbke"'' 
keJ 
is well defined. 

If <I> : M — 7- C is a C°^-function with compact support supp(<I>), we set 

A^rn = max|$(s)| +max|<I>(™)(s)|, 
and we consider the polynomials 



W^{e^') = Y.<^(^)e^'', Nen. 



fce2 
With this notation we can state the next result on smooth partial sums. 

Theorem B. Let <I> : M — )■ C 6e a C°^ -function with compact support supp(<I>). 
Then the following assertions hold: 

(i) There exists a constant C > such that 

W^(e'^) <Cmin|iVmax|$(s)|,Afi''"|^r™max|$(™)(s)|l, 
1^ seR seM J 
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for all menu {0}, N € N and < \e\ < vr. 
(ii) If < p < 1 and m £ N with mp > 1, there exists a constant C{p) > 
such that 

sup {W^ * f){e'') y < CA^^^M{\f\P){e^') 

N J 

for all f G H^ . Here M denotes the Hardy- Littlewood maximal- operator 
Mi\f\)ie^')= sup ^ r\f{e^')\dt. 

0<h<n ^iT' Je-h 

(iii) For each p G (0, cxd) and m G N with mp > 1, there exists a constant 
C = C{p) > such that 

\\W^*f\\m<CA^,m\\f\\m 

for all f £ HP. 

Moreover, if ^{0) = 1, then 
(iv) lim„^oo 11/ - W^ * f\\HP = 0, for anyfeHP,0<p< oo. 
(iv) lim„_,oo {W^ * /) (e*^) = /(e^'') a. e. e*^ G T, for any f £ HP and 

< p < oo. 

Theorem B follows from the results and proofs in [22, p. 111-113]. 
With this tool in our hands, we are going to prove the following. 

Theorem 28. Assume that (j) £ Z . Then the polynomials are dense in Fp . 

Proof 1. Pick up a function <I> : R — )■ C be a C°°-function with <1'(0) = 1 and 
compact support. For simplicity, we shall write Wn for W^ . 

Take / G J-p and fix r > 0. Let us denote /j,(e ) = f{re) and let us consider 
the sequence of polynomials {n„}, where Un{re ) = {Wn * fr) {& )■ By (Hi) of 
Theorem B, there is a constant C which does not depend on r neither nor on n 
such that 

MP{r,Un)<CMP{r,f) 

so for any < i? < oo 

(8.1) 

f \un{z)\Pe-P'^^\'\Um{z) <C [ \f\Pe-P'f''^^'^Um{z) < ||/||% < oo. 
J\z\>R J\z\>R ^P 

So sup \\un\\ -pci> < OO, which together to Lemma 7 implies that {n„} is uniformly 
bounded on each compact subset of C, so by Montel's theorem {un} is a normal 
family. Consequently there is a subsequence {un^} that converges to an entire 
function g on compact subsets of C. By (iv) of Theorem B g = f. Finally, joining 
this fact to (8.1), and standard argument finishes the proof. D 

Proof 2. For / G J"^ and r G (0, 1) put fr{z) = f{rz), z G C. Then 

(8.2) lim||/,-/||_^, =0. 

r— ^1 •'V 
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^e-P'^dm 



This follows by a standard argument that we sketch for the sake of completeness. 
Let i? > be such that ij^|>j? l/l^'e-^'^d^ < e. Hence 

I Ur-ire-^Um < [ \f,-f\Pe-PUm + 2P [ \f\ 

+2P [ \fr\Pe-P'^dm. 
J\z\>R 

It is clear that the first term in the above sum goes to zero as r — )■ 1^. Now 
using polar coordinates together the fact that the integral means Mp{p, f) are 
increasing in p we deduce that 

/ \fr\^e~P'f'dm< [ \f\Pe-P'''dm<e, 

J\z\>R J\z\>R 

and now (8.2) follows. 

We now show that fr can be approximated by its Taylor polynomials in the 
y-p — norm. 

Suppose first that p > 1. If a„ is the n— th coefficient in the Taylor expansion 
of /, then by the Cauchy formula and Holder's inequality we get 

r.27r 






\f{re'^)\Pdt, r>0. 



Multiplying both sides of the above inequality by re pv^^) and integrating on 
[0, oo) we obtain 



I '-''™ M I ^ II F"? — "-p 



■p<p 



Using this we obtain 



X; «nr"/^ 



n=N 



Tr4> n=N 



n=N 



which shows that fr can be approximated by its Taylor polynomials in the 
y-p — norm. 

Assume now < p < 1. We have (see [13, Theorem 6.4]) 



r"P|a„|P<Cpni^P / \f{re'*)\Pdt 



2tt 



and proceeding as in the case p > 1 we deduce 



<-^rj. M-" 



If' 






Thus 



E 



a„r z 



n n\\p 






<Ei««i'ii^"ii>"'^c'pii/ii_^. £ 



^np^l-p 



n=N n=N n=N 

and the conclusion follows, since the last expression above is the tail of a conver- 
gent series. D 
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8.2. Invariant subspaces. Notice that, with respect to the standard orthonor- 
mal basis e„(z) = z"'/!!^"!!,-^, n > 0, the operator V : F2 —5- J^2 i^ ^ weighted 
shift, i.e. Vcn = uJnGn+i with weight sequence 

(8.3) Un = , ^..|| ll , n > 0. 

(n + 1) z" w. 

A simple argument using integration by parts and Lemma 18 shows that, for 
(j) £ I, we have a;„ — )■ as n — )■ 00. 

Theorem 29. Assume p > and let (j) be as in Theorem 3. If the sequence 
{ujn)n>i given by (8.3) is eventually decreasing to zero, then a closed subspace 
M. C Jp is a proper invariant subspace of V : Fp — t- Fp if and only if there 
exists a positive integer N such that 

M = {f eF^ : /(^')(0) = forO<k<N-l} = Span{z'' : k > N}^" . 
Proof. Clearly, the sets 

AP^ := {/ G Jp^ : /('^)(0) = for < A; < iV - 1} 

are invariant subspaces for V. 

Let us now prove that these are all the invariant subspaces of V. The case 
p = 2 follows directly from a result of Yakubovich on weighted shifts (see [27] 
Theorems 3-4). We are now going to show that the result for p 7^ 2 can be 
obtained via the case p = 2 using the boundedness of Tg on Fock spaces J-p (see 
Theorem 3 above). In order to do this, let us first prove the following 

Claim: For each p > there exist positive integers Mi = Mi(p),M2 = M2{p) 
such that y^^i : F^ -^ F^ and V^^ : F^ -^ F^ are bounded. 

Let us first notice that by Theorem 3 and by (a), (b) of Lemma 18 we have 

(8.4) V -.F^, ^ Ff is bounded if F{q) < p < q, 

(8.5) V -.F^,^ Ff is bounded if F{p) <q<p, 

where F{s) = -^^ for s > 0. From this it is easy to see that V : Fp — )■ F2 and 

V : J-J ~^ -^p ^^^ bounded if p > 2, and hence we can take Mi = M2 = 1 in this 
case. 

Let us now study the case < p < 2. Consider sequence (x„) given by xq = 2, 
Xn = F{xn-i), n > 1 and notice that (x„) decreases to zero as n — )■ 00. We aim 
to show that 

(8.6) y^ : J"^ ^ ^"2^ is bounded if xm-i>P>xm, 

(8.7) V^ : F^ -^ F$ is bounded if xm-i >P>xm,M>1. 

Both assertions follow by induction. We only prove (8.7), since (8.6) is shown in a 
similar way. For M = 1 relation (8.7) follows directly from (8.4-8.5). Now assume 
that V^ : F2 —5- Fp is bounded if xm-i > P > xm- By (8.5) we deduce that 
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V : J^xm+£ ~^ -^ ^^ bounded if xm + £ > q > F{xm + e)- For < e < xm^i — xm 
we now obtain 

yM+i . jc-0 ^ jc-0 -g bounded \ixM+e>q> F{xm + e). 
Let e — )■ above to get 

V '^'^ : 7^2 ~^ Ff is bounded if xm > q > F{xm) = xm+i, 

and with this the claim is proven. 

Now let Ai be an invariant subspace for V : J-p — )■ J-p. Then let Mi, M2 G N be 
such that y^i : F^ -^ F^ and V^^ : F^ -^ J"| are bounded. Then V^^^M C F^ 

■■^2 



and V^^Ai ^ is an invariant subspace for V on J2 ) so it is of the form 



,^t 



VM2M ' = A\. 
Now let / G A^j^. Then there exists a sequence (/„) C A^ with 

But V^^ : F2 —J- -7p is bounded, hence 

which gives F^^V G M, since yA^i+A'^Vn G A^- Put f = z^ to deduce z^+^i G 
M. and by applying y indefinitely to 2:^+^1 we get 

If A^ 7^ ^^ I jy^ , let A'^i be the smallest nonnegative integer such that there exists 
/ G A^ with /(^i)(0) / (clearly < A^i < A^ + Mi). But, for this particular 
/, we have y^+™i~^i-i^ g _A/J^ which in view of the above inclusion implies 
^TV+Mi-i g j^^ ^^^ therefore ^at+Mi-i ^ Ai- We repeat this procedure until 
we obtain A^j^ C A^, and then the choice of A'^i forces M = A^ , so that the 
proof is done. D 

Corollary 30. For (t){z) = \z\^ with a> 2, the proper invariant subspaces ofV 
on Fp are precisely the spaces 

{f eF^ : /('')(0) = forO<k<N-l} = Spaniz'' : k > N} " . 
Proof. By Theorem 29 it suffices to show that the sequence 

IIZ" + ^II A. 

Wn = 7 m — T, — 1 n > 

n + 1 z"U,' 

is eventually decreasing to zero. By Stirling's formula we deduce that 



2 _ 0-2/a ^Vgi"-^^;; ^ „2/q-2 



._., .,. ni{n+2)) ^ 

(n+iml(n+l))"" 
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and hence a;„ — t- as n — )■ oo. From the proof of Proposition 7 in [8] it fohows 
that the function 

is eventually decreasing for a > 1. Thus (iOn) is eventually decreasing to zero. D 

9. Remarks on the Bergman space case 

In this section, we would like to illustrate that some of the methods we em- 
ployed in the context of Fock spaces provide additional insight into the above 
mentioned results from [19, 21]. 

Given a positive radial weight w, the distortion function is defined as follows 
(see [19, 21]) 

1 fi 

tpwir) = — TT / w(u) du, < r < 1. 
w{r) Jr 

Analogues of Theorem 3 and Corollary 11 for the setting of Bergman spaces with 
rapidly decreasing weights were obtained in [19, 21]. In particular, the following 
holds. 

Theorem C. Suppose that w is a radial differentiable weight, and there is L > 
such that 

w'(r) f^ 

(9.1) sup — \4 / w{x)dx < L, 

o<r<i w{ry J^ 

then for each p G (0, oo) and g analytic on D 

\giz)\Pwiz)dmiz) x 15(0)^+ [ \g'iz)\P i^^izf wiz) dm{z). 

Jo Jo 

Let 

(/>(r) = — logU7(r), < r < 1. 

The following disc analogue of Lemmas 17, 18 and 20 can be easily proven. 

Lemma 31. Assume (/) : [0, 1) — )■ M is twice continuously differentiable and there 
exists ro G [0, 1) such that <p'{r) / for 1 > r > tq. Suppose 

lim = 

r^l (j)'[r) 

(t>"(r) 
liminf > -1 

r->i <p'[ry 

Then (9.1) holds and there exists ri € [0, 1) such that 

(9.2) V«;(^) ^ -TTT for re[ri, 1) 

(p'[r) 
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Proof. By hypotheses there is q > —1 and r2 > rg such that f,,\l > a on 
[r2, 1). So, an integration by parts on (r2,r] C (r2, 1), gives 

Jr^e ^ 'as- j^^ -</,'(s) O,^ - 4>'{r) + -W¥IT ~ Jr2 WW 

that is 

Jr2 — a+1 \ 4>'(r) <t>'(r2) J 

SO taking hmits as r — t- 1^, we deduce that L e^^^^' ds < oo. Next, arguing as 
in the proof Lemma 17, (9.2) follows. These calculations also give (9.1). This 
finishes the proof. D 

It is worth noticing that there are weights oj satisfying (9.1) but such that (9.2) 
does not hold. The weight uj{r) = e"^^"''' x 1, a > 0, gives a concrete example. 

Lemma 32. Assume (j) : [0, od) — t- R^ is a twice continuously dijferentiable 
function such that Acf) > ,{A(p{z))^^''^ x ''"(•2), where t{z) is a radial positive 
function that decreases to zero as \z\ — t- 1^ and lim^_^i- T'{r) = 0. Then 

(a) lim (1 — r)(/) (r) = 00. 

(b) lim T(r)(j)'{r) = 00, or, equivalently, lim = 0. 

r^l- r^l- [(p'[r))^ 



(c) ij^{r) X for r G [0, 1). 

(r) + 1 

(d) There exists rg G [0, 1) such that for all a £9 with 1 > |a| > tq, and any 
6 > small enough we have 

(p' (a) >: (j)' (z) , z £ D{a,5T{a)). 

Proof. Since by L'Hospital's rule 

1 -r -1 

lim — -— = lim —7--^ = +00 

r^l- T{r) r^l- T (r) 

bearing in mind (3.16) and using again L'Hospital's rule. 



, fl sA(j){s) ds 
lim r(l — r)d> (r) = lim — ; 

r->l- ^ '^^ ^ r^l- (1 - r) 



-1 



r-5.1- (1 — r) ^ r-^i- T'^[r) 

which gives (a). 

Arguing as in the proof of Lemma 18 we obtain lim^^;^- T{r)(j)'{r) = 00. By 
(a) and relation (3.16) this last fact is equivalent to limj._^]^- rZ^u Vvi = 0. 

Taking into account (a) — (6) it is clear that the hypotheses in Lemma 31 are 
satisfied, and hence ipuj{r) x ^tt^y for r > [ro, 1). Since </>' > and limj,_^i- (j)'{r) = 
00, we obtain (c). 



(9.3) 11/11^. X |/(0)r + / ^-lllJ^ojiz)dAiz) 
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Part (d) can be proved following the steps in the proof of Lemma 20. D 

As a byproduct of the previous lemmas, we obtain the following improvements: 

• In view of (9.2) and [19, Theorem B] the more transparent Littlewood- 
Paley formula 

i/(^)r 
(i+0'(z))p 

can be obtained for Bergman spaces with weights uj = e~'^ belonging to 
the class I considered in [19]. 

Part (d) of Lemma 32 shows that the hypothesis (6) on the distortion func- 
tion in [19, Theorem 2] can be omitted. Going further, this observation 
allows us to extend the description of the boundedness and compactness 
of Tg to a wider class of weights. Especially, we admit for a considerably 
faster decay, including triple exponential weights of the form 



[3] 

[4] 
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uj{z) = exp(- 
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